A numerical method is introduced that solves the optical Bloch equations describing a two-level atom interacting with a strong polychromatic pump field with an equidistant spectrum and an arbitrarily intense monochromatic probe field. The method involves a transformation of the optical Bloch equations into a system of equations with time-independent coefficients at steady state via double harmonic expansion of the densitymatrix elements, which is then solved by the method of matrix inversion. The solutions so obtained lead immediately to the determination of the polarization of the atomic medium and of the absorption and dispersion spectra. The method is applied to the case when the pump field is bichromatic and trichromatic, and the physical interpretation of the numerically computed spectra is given. ͓S1050-2947͑99͒10409-8͔
I. INTRODUCTION
The absorption properties of two-level atoms driven by a strong monochromatic field have been extensively studied theoretically ͓1,2͔ and experimentally ͓3,4͔ for the past 25 years. The absorption spectrum of a weak probe beam exhibits the well-known three-peaked structure with the peaks separated by the Rabi frequency of the driving field ͓1͔. When the frequency of the driving field is nearly resonant with the atomic frequency, the central peak has a Lorentzian absorption profile while the Rabi sidebands exhibit dispersionlike features. For an off-resonant driving field, however, an interchange of absorptive and dispersive line profiles occurs, i.e., the central line exhibits a dispersionlike profile, while the sidebands have Lorentzian line shapes with one sideband exhibiting amplification rather than absorption. Recently, it has been shown that strongly driven two-level atoms can exhibit two-photon gain ͓5͔.
There have also been theoretical ͓6-8͔ and experimental ͓9-11͔ studies of the absorption spectrum of strongly driven two-level atoms for a more general case when the probe field is also strong. A prominent new feature for the case of a monochromatic driving field and a strong probe field is the presence of subharmonic resonances of the Rabi frequency. Another significant variation of the three-peaked structure occurs when the driving field is polychromatic while the probe field is kept weak ͓12,13͔. A theoretical study for the probe absorption spectrum ͓12͔ shows that, under a resonant bichromatic pump field and a negligibly weak probe field, the absorption spectrum consists of a Lorentzian peak at the line center and a series of dispersionlike sidebands whose separation is half the frequency difference between the two components of the driving field. The spectrum, however, is altered drastically when the detuning between the average driving frequency and the atomic frequency is increased; the central peak and the even sidebands split into absorptionemission doublet, whereas the odd sidebands remain dispersionlike.
A theoretical understanding of the general feature of the absorption spectra can most readily be accomplished with the help of the dressed-atom picture ͓14͔. The three-peaked structure observed when the atom is excited by a strong monochromatic pump field is a textbook example of an application of the dressed-atom picture. The subharmonic Rabi resonances that appear when the probe field is allowed to be strong can readily be understood as arising from multiphoton transitions between nonadjacent dressed-state pairs ͓11͔. The dressed-atom picture has also been employed with success to explain the absorption and fluorescence spectra of a twolevel atom driven by a strong bichromatic field ͓12,15,16͔. As one moves to more complex field configurations ͑e.g., a bichromatic pump field and a strong probe field, a trichromatic pump field and a weak probe field͒, it gets increasingly difficult and, in some cases, impossible to calculate dressedstate energies and thus to understand the complex structure that absorption spectra display. A better theoretical understanding of the detailed structure of atomic spectra, however, is essential in various areas of optics because one frequently encounters a situation in which amplitude-or phasemodulated lasers, or more than one laser needs to be employed.
There exists one special situation for which the field, which may contain the probe field as well as the pump field, is strong and polychromatic, and analytic expressions for emission and absorption spectra can still be obtained ͓17-19͔. It is when the field consists of an arbitrary number of pairs of frequency components which are symmetrically positioned with respect to the atomic frequency with symmetrically arranged amplitudes. In such a situation the probe field must be assumed to consist of two symmetrically positioned frequency components which are varied simultaneously in a symmetric fashion. While the analytic solutions in this special case provide a valuable starting point with which to study the behavior of an atom interacting with a strong polychromatic field, it is evident that a computational method that can be applied to a general situation, where analytical *Electronic address: thyoon@kriss.re.kr solutions do not exist, needs to be developed.
In this paper we introduce a numerical method that computes the absorption spectrum of a two-level atom interacting with a strong polychromatic driving field and a monochromatic probe field of arbitrary intensity. In view of the difficulty of computing dressed-state energies for complex field configurations being considered, we choose to work in the bare-atom picture and deal directly with the optical Bloch equations. A straightforward generalization of the harmonic expansion method recently employed by Ficek and Freedhoff ͓12͔, and by Zhou and Swain ͓20͔ allows a transformation of the time-dependent Bloch equations into a system of equations with time-independent coefficients at steady state. The resultant equations can then be solved using the method of matrix inversion. Our method is applied in particular to the case of an equidistant trichromatic driving field and an arbitrarily intense probe field. The important first step in the method is a double harmonic expansion of the density-matrix elements in terms of two frequencies: the difference frequency of the neighboring driving fields and the detuning between the probe field frequency and the average driving frequency. The equidistant trichromatic driving field we study includes, as special cases, phase-modulated, bichromatic, and monochromatic driving fields. In principle, our method can also be applied to the general case of a nonequidistant polychromatic driving field by increasing the frequency components in the harmonic expansion. This, however, would greatly increase the dimension of the matrix that needs to be computed and may thus be the factor that limits the practical applicability of the method.
In Sec. II we derive the matrix equation from the optical Bloch equations describing a two-level atom interacting with an equidistant trichromatic driving field and a monochromatic probe field using a double harmonic expansion of the density-matrix elements. How the absorption spectrum is related to the solution of this matrix equation is described in Sec. III . In Sec. IV we present results of our computation for the absorption spectrum. The results include the case of bichromatic and trichromatic driving fields. Finally, in Sec. V we give a concluding remark.
II. OPTICAL BLOCH EQUATIONS
We wish to study spectral properties of a two-level atom in the presence of a strong equidistant polychromatic driving field and a probe field of arbitrary intensity. The lower and upper levels of the atom are denoted by ͉1͘ and ͉2͘, respectively. The atomic parameters are shown in Fig. 1͑a͒ ; the atomic resonance frequency is 0 ; ⌫ refers to the relaxation rate of the population; and ␥ is the relaxation rate of the electric dipole. where, E 0 , E 1 , and E 2 are driving field amplitudes, E p is the probe field amplitude, and c.c. indicates complex conjugate. Equation ͑2.1͒ covers the following special cases: ͑i͒ monochromatic driving field and a probe field when E 1 ϭE 2 ϭ0, ͑ii͒ a bichromatic driving field and a probe field when E 0 ϭ0, and ͑iii͒ a phase-modulated driving field with small modulation index and a probe field when E 1 ϭϪE 2 .
The optical Bloch equations describing the interaction of the two-level atom with the pump and probe fields can be written in a frame rotating with the average pump frequency s as ͓12,20͔
where the rotating wave approximation is made. Here, M is a 3ϫ3 matrix given by
X is a column vector given by 
͑a͒ Energy-level diagram of a closed two-level atom consisting of upper ͑excited͒ (͉2͘) and lower ͑ground͒ (͉1͘) states with population decay rate ⌫ and dipole decay rate ␥. ͑b͒ Configuration of the pump and probe fields.
is the dipole moment of the atom, and i j (iϭ1,2,j ϭ1,2) refers to the elements of the density matrix.
In order to solve Eq. ͑2.2͒ we introduce a generalized two-dimensional version of the harmonic expansion method ͓12,20͔. Noting that the matrix elements of M contain terms oscillating not only at ␦ s but also at ␦ p , because the atom interacts strongly with the probe field as well as with the driving field, we expand the components X i in a twodimensional Fourier series as
where X i (n,m) (t)'s represent the slowly varying amplitudes which at initial time tϭ0 are given by
͑2.9͒
Substituting Eq. ͑2.8͒ into Eq. ͑2.2͒, we find the slowly varying amplitudes to obey at steady state the system of equations
where
and R n,m ϭ⌫ϩin␦ s ϩim␦ p .
͑2.11c͒
We can now substitute Eqs. ͑2.10a͒ and ͑2.10b͒ into Eq. ͑2.10c͒, and obtain the following algebraic equation for X 3 (n,m) :
.2͒ is thus transformed into an infinite number of equations with time-independent coefficients at steady state, which can now be solved by the matrix inversion method of Ficek and Freedhoff ͓12͔. In order to apply the matrix inversion method, we construct a column vector X 3 as
where the value of the parameter k to be chosen appropriately determines the dimension of the vector X 3 and, consequently, the accuracy of our matrix inversion method. The dimension of the vector X 3 for a given value of k is (2k ϩ1)
2 . The vector elements X 3 (n,m) are ordered as follows. The (n,m) combinations start from (Ϫk,Ϫk) at the top and follow on sequence by increasing first the value of m by 1 from Ϫk to k while the value of n is fixed. Once m reaches the maximum value k, we next increase n by 1 and repeat the same procedure of increasing m from Ϫk to k. This procedure is then repeated until n exceeds the maximum value k.
The recurrence relation ͑2.12͒ can be written in the form
where K is a (2kϩ1) 2 by (2kϩ1) 2 matrix whose elements can be determined from Eqs. ͑2.12͒ and ͑2.13͒, and G is a column vector of (2kϩ1) 2 elements with G i ϭ Ϫ⌫␦ i, [(2kϩ1) 2 ϩ1]/2 . As an illustration we write the elements of the matrix K below for the simple case of kϭ1.
͑2.16͒
Equation ͑2.15͒ is our final formula describing a two-level atom interacting with an equidistant trichromatic pump field and a probe field of arbitrary intensity. The accuracy of our method is determined by the value of k we choose. For given values of the parameters ␦ s , ␦ p , and ⌬, we choose the value k necessary to achieve the accuracy of 10 Ϫ6 for the absorption coefficient A when k is increased by one. With the value k so chosen (kϭ15 for computations reported in this work͒, we solve Eq. ͑2.15͒ and find the amplitudes X 3 (n,m) , which are used to derive the polarization of the atomic medium as described in the following sections.
III. POLARIZATION OF THE ATOMIC MEDIUM AND ABSORPTION SPECTRA
The absorption spectrum of the probe field is determined by the susceptibility ( p ) of the medium which measures the response of the medium to the probe field. The susceptibility ( p ) is in turn determined by the component of the polarization that oscillates at frequency p . Assuming that the medium consists of N identical and independent twolevel atoms, the polarization is given by 
͑3.1c͒
where Eqs. ͑2.4͒ and ͑2.8͒ are used to obtain Eq. ͑3.1b͒. It is clear from Eq. ͑3.1c͒ that the component of the polarization that oscillates at frequency p is related to those X 1 (n,m) associated with the (n,m) combination satisfying n␦ s ϩ͑mϩ1 ͒␦ p ϭ0.
͑3.2͒
Equation ͑3.2͒ is always satisfied regardless of p if nϭ0 and mϭϪ1, i.e., X 1 (0,Ϫ1) gives rise to a continuous absorption spectrum. Specifically, the dimensionless continuous absorption spectrum is given by
Similarly, the dimensionless continuous dispersion spectrum is given by
Since, from Eq. ͑2.10a͒, we have
the determination of the amplitudes X 3 (n,m) using the matrix inversion method described in the previous section leads to the determination of the continuous absorption and dispersion spectra.
As was noted earlier ͓19͔, at some particular values of p , the combination (nϭ0,mϭϪ1) may not be the only combination that solves Eq. ͑3.2͒. For a certain value of p , there may exist other integer combinations (nЈ,mЈ) that satisfy
͑3.5͒
At that particular value of p , the contribution from X 1 (nЈ,mЈ)
should be added to that from X 1 (0,Ϫ1) to determine A( p ) and
. This contribution coming from X 1 (nЈ,mЈ) , however, disappears when the probe frequency p is shifted only slightly, i.e., the contributions from X 1 (nЈ,mЈ) give ␦-function-like discontinuous jumps over the continuous absorption spectrum determined by X 1 (0,Ϫ1) . These ␦-function resonances have been investigated recently by Pulkin et al. ͓21͔ and by Yoon et al. ͓19͔ in their respective theoretical studies of the polarization spectrum under the condition of a strong polychromatic driving field and a strong probe field, and were referred to as super-narrow resonances ͑SNR's͒ or coherent contributions. In the present study we focus our attention on the computation of the continuous part ͑incoher-ent contribution͒ of the absorption spectrum.
IV. RESULTS OF COMPUTATION
In this section we present absorption and dispersion spectra computed using the method described in Secs. II and III. Only the continuous part of the spectra is shown in the figures to be presented as the ␦-function resonances are suppressed. The system considered is the one shown in Fig. 1 , i.e., a two-level system in the presence of a strong trichromatic ͑bichromatic if E 0 ϭ0 is taken͒ pump field and a monochromatic probe field, which may also be intense. All of the data presented are computed assuming ⌬ϭ0. Our method, however, can be used to compute absorption spectra for the case ⌬ 0 without much difficulty. We also take ␥ ϭ⌫ϭ1 ͑in arbitrary units͒ and measure all frequencies in units of ⌫.
In Figs. 2͑a͒ and 2͑b͒ , respectively, we show absorption and dispersion spectra for the case of a strong bichromatic pump field (⍀ 0 ϭ0,⍀ 1 ϭ⍀ 2 ϭ6,␦ s ϭ5) and a weak probe field (⍀ p ϭ10 Ϫ5 ). One can see that the absorption spectrum contains a series of dispersionlike resonances, while the dispersion spectrum contains a series of Lorentzian resonances, except at the line center (␦ p ϭ0) at which the absorption curve shows a Lorentzian peak and the dispersion curve shows a dispersion line shape. The resonances can be located at ␦ p ϭϮ5,Ϯ10,Ϯ15, . . . , i.e., at the positions corresponding to an integral multiple of ␦ s . This is consistent with the expectation based on the dressed-atom approach. The dressed states of a two-level atom interacting with a bichromatic field were found to have energies separated by 2␦ s within a manifold having the same unit of excitation ͓12,15,19͔. When a transition occurs between two dressed states of adjacent manifolds, say manifold Nϩ1 and manifold N, the spectral lines should consist of a series of lines separated by ␦ s . Figures 2͑c͒ and 2͑d͒ show absorption and dispersion spectra for the case when the probe field is strong (⍀ p ϭ3), while other parameters are taken to be the same as in Figs. 2͑a͒ and 2͑b͒ (⍀ 0 ϭ0,⍀ 1 ϭ⍀ 2 ϭ6,␦ s ϭ5). The structure shown here for the case of a strong probe field is essentially identical to that of Figs. 2͑a͒ and 2͑b͒ for the case of a weak probe field, except that resonances at subharmonics of ␦ s now appear. As mentioned earlier, these subharmonic Rabi resonances can be understood as arising from multiphoton transitions between two dressed states of nonadjacent manifolds ͓11͔.
We now turn to the case when the pump field is trichromatic. In Figs. 3͑a͒ and 3͑b͒ , respectively, we show absorption and dispersion spectra for the case of a strong trichromatic pump field (⍀ 0 ϭ⍀ 1 ϭ⍀ 2 ϭ7.5,␦ s ϭ5) and a weak probe field (⍀ p ϭ10 Ϫ5 ). The overall structure shown here is similar to that shown in Fig. 2 . The resonances in Figs. 3͑a͒ and 3͑b͒ are seen to occur at ␦ p ϭϮ2.5,Ϯ7.5,Ϯ12.5, . . . . This can also be explained using the dressed-atom approach ͓19,22͔. For a two-level atom interacting with a trichromatic field, the dressed states in each manifold can be divided into two groups separated in energy by ប⍀ 0 ͑the Rabi frequency of the central frequency component of the pump field͒, where each group of states consists of a series of states separated in energy by ប␦ s . A transition between two dressed FIG. 2. Dimensionless absorption ͓͑a͒ and ͑c͔͒ and dispersion ͓͑b͒ and ͑d͔͒ spectra for a bichromatic pump field and a weak ͓͑a͒ and ͑b͔͒ or strong ͓͑c͒ and ͑d͔͒ probe field. The parameters are ⌬ϭ0,⍀ 0 ϭ0,⍀ 1 /⌫ϭ⍀ 2 /⌫ϭ6,␦ s /⌫ϭ5. The probe Rabi frequency is ⍀ p /⌫ϭ10
Ϫ5 for ͑a͒ and ͑b͒, and ⍀ p /⌫ϭ3 for ͑c͒ and ͑d͒.
states of adjacent manifolds then yields a series of lines detuned from the frequency 0 by ⍀ 0 Ϯ␦ s (nϭ0,1,2, . . . ). The locations of resonances in Figs. 3͑a͒ and 3͑b͒ are consistent with this analysis. In Figs. 3͑c͒ and 3͑d͒ , respectively, we show absorption and dispersion spectra for the case when the probe field is strong (⍀ p ϭ3) while other parameters are taken to be the same as in Figs. 3͑a͒ and 3͑b͒ (⍀ 0 ϭ⍀ 1 ϭ⍀ 2 ϭ7.5,␦ s ϭ5). One immediately notes that the structure shown here is quite different from that shown in Figs. 3͑a͒ and 3͑b͒, as well as in Fig. 2 . The absorption spectrum is now dominated by a large Lorentzian peak at the line center, and the dispersion spectrum is now dominated by a dispersion line shape at the line center. The resonances occur at roughly the same locations as in Figs. 3͑a͒ and 3͑b͒ . Since Figs. 3͑c͒ and 3͑d͒ are drawn for a strong probe field, we expect subharmonic Rabi resonances to appear. Their existence, however, is indicated only weakly in Figs. 3͑c͒ and 3͑d͒.
Physical understanding of the general overall structure of the absorption and dispersion spectra can be obtained by referring to Fig. 4 , where the absorption coefficient at the line center, A(␦ p ϭ0), and the steady-state population inversion, (X 3 ) ss ϭ( 22 Ϫ 11 ) ss , are plotted as a function of the pump Rabi frequency ⍀ s , where all frequency components of the pump field are assumed to be equally intense, i.e., ⍀ s ϭ⍀ 1 ϭ⍀ 2 for the case of a bichromatic pump field for which Figs. 4͑a͒ and 4͑b͒ are drawn, and ⍀ s ϭ⍀ 0 ϭ⍀ 1 ϭ⍀ 2 for the case of a trichromatic pump field for which Figs. 4͑c͒ and 4͑d͒ are drawn. From Figs. 4͑a͒ and 4͑b͒ we see that, for the case of a bichromatic field, both A(0) and (X 3 ) ss oscillate with respect to the pump Rabi frequency, whether the probe field is weak or strong. Figures 4͑c͒ and  4͑d͒ indicate, on the other hand, that for the case of a trichromatic field, while a similar type of oscillation occurs at the weak probe field of ⍀ p ϭ10 Ϫ5 , A(0) and (X 3 ) ss exhibit a tendency to decrease gradually with subdued oscillation at the strong probe field of ⍀ p ϭ3. It should be noted that, at the parameter values chosen for Figs. 3͑c͒ and 3͑d͒ ͑i.e., ⍀ 0 ϭ⍀ 1 ϭ⍀ 2 ϭ7.5), both (X 3 ) ss and A(0) take on values sufficiently far from zero ͑i.e., a relatively strong absorption occurs at the line center͒ and thus the absorption spectrum is dominated by the central Lorentzian peak. On the other hand, at the parameter values of Figs. 3͑a͒ and 3͑b͒, as well as Figs. 2͑a͒-2͑d͒, (X 3 ) ss is close to zero, A(0) is small ͑i.e., FIG. 3 . Dimensionless absorption ͓͑a͒ and ͑c͔͒ and dispersion ͓͑b͒ and ͑d͔͒ spectra for a trichromatic pump field and a weak ͓͑a͒ and ͑b͔͒ or strong ͓͑c͒ and ͑d͔͒ probe field. The parameters are ⌬ϭ0,⍀ 0 /⌫ϭ⍀ 1 /⌫ϭ⍀ 2 /⌫ϭ7.5,␦ s /⌫ϭ5. The probe Rabi frequency is ⍀ p /⌫ϭ10 Ϫ5 for ͑a͒ and ͑b͒, and ⍀ p /⌫ϭ3 for ͑c͒ and ͑d͒.
FIG. 4. Dimensionless absorption coefficient
A(0) at the line center and steady-state population inversion (X 3 ) ss vs the pump Rabi frequency ⍀ s /⌫ for the case of a bichromatic ͓͑a͒ and ͑b͔͒ and trichromatic ͓͑c͒ and ͑d͔͒ pump field. The parameters are ⌬ϭ0,␦ s /⌫ϭ5. The probe Rabi frequency is ⍀ p /⌫ϭ10 Ϫ5 for ͑a͒ and ͑c͒, and ⍀ p /⌫ ϭ 3 for ͑b͒ and ͑d͒. All frequency components of the pump field are assumed to be equally intense, i.e., ⍀ 1 ϭ⍀ 2 ϵ⍀ s for a bichromatic field ͓͑a͒ and ͑b͔͒ and ⍀ 0 ϭ⍀ 1 ϭ⍀ 2 ϵ⍀ s for a trichromatic pump field ͓͑c͒ and ͑d͔͒.
little absorption occurs at the line center͒, and thus the absorption spectrum is expected to deviate significantly from a single Lorentzian profile. That this is indeed the case can immediately be seen from Figs. 3͑a͒, 2͑a͒, and 2͑c͒. A similar argument can be made on the overall structure of the dispersion spectrum.
V. CONCLUSION
In this paper we have introduced a general method of transforming the optical Bloch equations into a matrix equation which can be handled by a computer in a straightforward way. The method can, in principle, be applied to compute the absorption and dispersion spectra of a two-level atom interacting with a polychromatic driving field having an arbitrary number of frequency components and arbitrary separations between them and with an arbitrarily intense probe field. In this work we considered the case of bichromatic and trichromatic driving fields.
We stress that a complete determination of the absorption and dispersion spectra is accomplished only via numerical computation if the pump field consists of more than one frequency component and if the probe field, assumed to be monochromatic, is allowed to be intense. The significance of our work lies in the fact that the method described here offers a practical means of computing the absorption and dispersion spectra. We have also shown that some basic features of the spectra obtained numerically can be explained by simple arguments. For example, the positions of the resonances in the spectra can be determined using the dressedatom approach. Also, the general overall structure of the absorption and dispersion spectra can be inferred from the steady-state population inversion (X 3 ) ss . When (X 3 ) ss is large and negative, the absorption spectrum is dominated by a central Lorentzian peak. When (X 3 ) ss is small, however, the spectrum shows a structure with a series of sidebands. In either case, additional resonances appear at subharmonic Rabi frequencies if the probe field intensity is increased.
